Abstract. A Lagrangian subspace L of a weak symplectic vector space is called split Lagrangian if it has an isotropic (hence Lagrangian) complement. When the symplectic structure is strong, it is sufficient for L to have a closed complement, which can then be moved to become isotropic. The purpose of this note is to develop the theory of compositions and reductions of split canonical relations for symplectic vector spaces. We give conditions on a coisotropic subspace C of a weak symplectic space V which imply that the induced canonical relation L C from V to C/C ω is split, and, from these, we find sufficient conditions for split canonical relations to compose well. We prove that the canonical relations arising in the Poisson sigma model from the Lagrangian field theoretical approach ([3, 6]) are split, giving a description of symplectic groupoids integrating Poisson manifolds in terms of split canonical relations.
The functorial description of classical and quantum field theories requires enhancement of the usual symplectic category, allowing infinite dimensional objects (weak symplectic manifolds), and allowing general canonical relations, not just symplectomorphisms, as morphisms. As is explained in [14] , the construction of such an extended symplectic category encounters several obstacles, even in finite dimensions, and many alternatives have been proposed over time. These constructions face even more technical difficulties when infinite dimensional spaces are taken into account.
One of the problems arises from the nature of the objects of this extended category: the manifolds which model the space of fields for classical field theories are in general Fréchet manifolds, and conventional tools such as the inverse function theorem, Frobenius theorem, etc. fail to hold in general in the Fréchet category.
Another inconvenience, which is a crucial impediment to establishing functorial quantization, is the fact that the composition of canonical relations is not well defined in general.
In the finite dimensional case they compose well when certain transversality conditions are satisfied; in infinite dimensions, we can find examples of canonical relations whose transversal composition is isotropic but not coisotropic (see e.g. [7] ).
The objective of this paper is to analyze the special case in which we allow the objects to be (infinite dimensional) weak symplectic vector spaces and the morphisms to be split canonical relations, which are isotropic subspaces with isotropic complements. This notion of Lagrangian subspace was first considered in the context of infinite dimensional symplectic linear spaces in [13] , and it happens to coincide with the conventional notion (maximal isotropic) in the finite dimensional case (see e.g. [1, 13] ). For the infinite dimensional case, we determine sufficient conditions for split canonical relations to compose well and to have well defined reductions.
Split Lagrangian subspaces appear naturally in the Hamiltonian formulation for Lagrangian field theories with boundary, following the BV-BFV formalism, as in [6] . This type of field theory naturally produces an isotropic submanifold L of the symplectic space of boundary fields F ∂ . A good choice of a boundary conditions for this theory consists of the choice of a submanifold L on which the Noether 1-form vanishes and which intersects L in isolated points (the solutions to the Euler-Lagrange system of equations). For this choice of boundary conditions, we want to insure that the variational problem has no boundary contributions. This condition implies first of all that L must be isotropic. Globally, this condition is even stronger, as it requires the vanishing of the class of the Noether 1-form (changing it by exact terms is allowed as it corresponds to change the action functional by a boundary term). Locally, at a point of L ∩ L , the tangent spaces to L and to L must then be complementary isotropic subspaces.
The last part of the paper (Section 6) is devoted to proving that the evolution relations arising from the Poisson sigma model (PSM), a two dimensional topological theory, are split canonical relations obeying a neat intersection condition which allows compositions and reductions. These considerations help us to provide an alternative and shorter proof that such evolution relations are Lagrangian for the PSM case [3, 7] and that the reduced version of these relations determines a split version of the conventional symplectic groupoids for integrable Poisson manifolds. We conjecture that the split condition for canonical relations is satisfied in a larger class of classical field theories with boundary.
In particular, we intend to study the case in which the symplectic space of fields happens to be reflexive.
The study of split Lagrangian spaces can be naturally extended to the framework of Banach manifolds, for which the existence of split Lagrangian submanifolds implies the existence of complementary isotropic smooth distributions, which play an important role in the symplectic formulation of field theories with boundary.
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Definitions and basic properties
In this article, we consider topological vector spaces over R. Thus, the dual space V * of V is the space of continuous linear functionals of V . The topology for Banach and Hilbert spaces is the metric topology, and the topology for Fréchet spaces is the initial topology, i.e. the coarsest topology for which all the seminorms are continuous Note that if the vector space V is symplectic, then (V * ) * ∼ = V * ∼ = V , thus V is reflexive. This does not necessarily hold for weak symplectic spaces (Proposition 2.3).
W
ω denotes the symplectic orthogonal subspace of a subspace W in a weak symplectic vector space. It is necessarily closed, since it is determined by the condition ω(W, •) = 0, and ω is continuous. We leave to the reader the proof of the following useful properties of symplectic orthogonality. Proposition 2.3. Let V be a weak symplectic space and W , Z subspaces of V . Then:
In the symplectic (e.g. finite dimensional weak symplectic) case, we have a slightly stronger result.
Proposition 2.4. When V is symplectic and W is a closed subspace, the inequality (4) above becomes an equality.
Proof. Suppose that the inequality (4) is strict. Then there is an element v of V \W for which the linear functional ω(v, ·) annihilates W ω . On the other hand, since W is closed, by the Hahn-Banach theorem (which holds in any Fréchet space [10] ), there is a linear functional which takes the value 1 on v and annihilates W . Since ω is symplectic, this linear functional is realized by some z ∈ V ; i.e. z ∈ W ω and ω(z, v) = 1. But this contradicts the assumption that ω(v, ·) annihilates W ω .
Remark 2.6. Note that a subspace L is Lagrangian if and only if it is maximal isotropic, and there are many of these subspaces, by Zorn's lemma. A Lagrangian subspace is closed because it is the symplectic orthogonal space of itself. Proof. If L were properly contained in an isotropic subspace L 1 , then L 1 would have a nontrivial intersection with L , and any element of this intersection would be symplectically orthogonal to both L and L , in contradiction to the injectivity of ω . This shows that L is maximal isotropic, i.e. Lagrangian. Of course, the same argument applies to L .
Remark 2.8. We will call a subspace L split Lagrangian if it is Lagrangian and has a Lagrangian complement. For example, the spaces L and L in Proposition 2.7 are both split Lagrangian. We will also refer to (L, L ) as a splitting l-pair.
Theorem 2.10 below shows that, when the ambient space is symplectic, and not just weakly symplectic, any closed complement to a Lagrangian subspace can be moved to become Lagrangian itself. Thus, in the symplectic case, the two possible interpretations of the term "split Lagrangian subspace" are equivalent; i.e. a subspace which is split and Lagrangian is split Lagrangian. We do not know whether this remains true in the general weakly symplectic case.
Lemma 2.9. If W ⊕ Z is a splitting of a symplectic space V by closed subspaces, then W ω ⊕ Z ω is also a splitting of V by closed subspaces.
Proof. The splitting V = W ⊕ Z leads to a splitting V * = W 0 ⊕ Z 0 of V * into the sum of the annihilators of W and Z respectively. The inverse of the isomorphism ω then takes W 0 to W ω and Z 0 to Z ω , giving the required splitting of V .
Theorem 2.10. If V is symplectic, any Lagrangian subspace L ⊆ V which is split as a subspace has a Lagrangian complement L c in V and is hence (L, L c ) is a splitting l-pair.
Proof. Let K be a closed complement to L in V . By Lemma 2.9, K ω is also a closed complement to L.
We define the average of K and K ω to be
By Proposition 2.7, we just have to prove that Figure 1 . The average construction for a split weak symplectic vector space V .
We first prove that it is a complement. If v in L c belongs to L as well, then we must have k + k in the definition above both belonging to L. But k − k belongs to L as well, so k and k belong to L. But, since K and K are complements to L, k and k must be zero. Thus, L c ∩ L = {0}. On other hand, any element v of V may be expressed as either l + k or l + k , where l and l belong to L, k ∈ K, and k ∈ K . Then k − k = l − l belongs to L, and so l c = (l + k + l + k ) of its two expressions, which is the sum of l c and an element of L. Thus L c ⊕ L = V.
We will now verify that L c is isotropic. Let l 
Remark 2.11. In [9] , the authors produce an example of a symplectic Banach space V in which no subspace is split Lagrangian. By Theorem 2.10, these subspaces do not admit any closed complements at all. Example 2.14. Each Lagrangian subspace L ⊆ V may be identified with the canonical relation {0} × L ⊆ {0} ⊕ V from the zero dimensional vector space {0} to V .
Example 2.15. It is easy to check that, for any weakly symplectic vector space V , the diagonal relation graph (Id V ) = ∆ V : V V is isotropic and has the anti-diagonal −∆ V as an isotropic complement. Thus, ∆ V is a split canonical relation (as is −∆ V ). Definition 2.16. Let C be a coisotropic subspace of V and C := C/C ω its symplectic reduction. The reduction relation, denoted by L C : V C, is the graph
of the of the quotient map from C onto C, considered as having source object V .
Proposition 2.17. L C is a canonical relation.
Proof. The fact that L C is isotropic easily follows from
Furthermore, consider
and since C is symplectic, it implies that [x] = y and hence (x, y) ∈ L C . Remark 2.18. As we will se later, L C is not in general split Lagrangian: a sufficient condition for this is to have suitable complements of C and C ω in V and C respectively.
Composition and Reduction
The set-theoretic composition
While, in finite dimensions, this composition is always Lagrangian, and hence a canonical relation V Z, in infinite dimensions it may be merely isotropic.
In Section 4, we will give two examples where the composition of canonical relations is not Lagrangian. In the first, the composition is closed; in the second, the weak symplectic structures are symplectic.
3.1.
Equivalence between reduction and composition; split coisotropic subspaces. There is a natural correspondence (see e.g. [14] ) between the reduction and composition of canonical relations, that can be spelled out as follows. For a coisotropic subspace C of a symplectic vector space V , and a Lagrangian subspace L of V , the reduced Lagrangian subspace L ⊆ C, defined as:
can be obtained as the following composition of canonical relations:
On the other hand, the composition of linear canonical relations is itself a particular case of reduction. It can be easily checked that the space
therefore the reduced space V × ∆ W × Z is naturally isomorphic to V × Z. Under this natural isomorphism, the composed relation g • f , where f : V W and g : W Z are canonical relations, is the reduction of the product f × g, and the composition is transversal if and only if the reduction is.
The following theorem gives sufficient conditions for the reduction relation L C to be split Lagrangian.
Theorem 3.1. Let C be a coisotropic subspace of V . If there is a complement C c to C in V and a complement C to C ω in C such that
(1) C c is isotropic, and (2) C and C c are symplectically orthogonal, then L C is split Lagrangian.
Proof. Given a choice of C c and C , we have the decomposition
If we identify the complement C in the usual way with the quotient C = C/C ω , we can write the reduction relation as
Consider now the following relation:
. The first term on the right hand side vanishes since C c is isotropic, by assumption (1). The second and third terms also vanish, by (2) . Thus L − C is isotropic.
Definition 3.2.
A coisotropic subspace C is split coisotropic if it satisfies the assumptions of Theorem 3.1 for complements C c and C . The triple (C, C c , C ) will be called a splitting c-triple.
We will describe an equivalent formulation of split coisotropic subspaces, by replacing condition (2) with a suitable choice of a split Lagrangian subspace.
3.2.
The finite dimensional case. In the case in which V is finite dimensional, the space of split Lagrangians is the same as the full Lagrangian Grassmannian. However, not every Lagrangian subspace in V ⊕ C is the reduction relation L C for some C which is split coisotropic. In this section, we study the finite dimensional case of splitting c-triples and how they are explicitly related with split reduction relations and splitting l-pairs. We also find an equivalent characterization of a split coisotropic subspace C in terms of split Lagrangian complements of C ω .
Suppose that V is a 2n-dimensional vector space and C is a n + k-dimensional coisotropic subspace. This implies that dim(
We will now determine "how many" complements in this space are of the form L − C , using the construction from Theorem 3.1, i.e. to determine the dimension of the space of such special complements.
To address this question, we look first at the manifold of splitting c-pairs for C. Each such pair produces a symplectic decomposition of V :
The space C of choices of the complement C is open in the Grassmanian Gr 2k (n + k); therefore, it has dimension d = 2k(n−k). Now, given a choice of C , choosing a compatible Lagrangian complement C c to C ω in (C ) ω is equivalent to choosing an element in an open subset of the Lagrangian Grassmanian Λ(n − k). Thus, the space of splitting c-triples
It is well defined, due to Theorem 3.1, and since−∆ V = −∆ W implies that V = W , we conclude that φ C is 1-to-1.
Using the affine structure of both spaces (the space of Lagrangian complements to L C and the space of splitting c-triples (C, C , C c )), and the injectivity of φ C , we conclude that the number of conditions which a Lagrangian complement to L C must satisfy in order to come from a compatible pair (C , C c ) is
Remark 3.3. We can consider the extreme cases. When k = n, i.e. C = V , we have that L C = ∆ C , and d in this particular case is (2n + 1)n = 2n(2n + 1)/2 which is the full dimension of Λ(2n). This implies that there is a unique compatible pair (C , C c ), namely (V, {0}), which determines uniquely the anti-diagonal −∆ C as the relation L − C in Theorem 3.1. The other extreme takes place when k = 0, i.e. C is Lagrangian, in which case d = 0, i.e. there are no conditions for L c C . In this particular case, the splitting c-triples (C, C , C c ) in V are the same as the complements C of C in V , since the reduced space C is C/C = 0.
We also observe that since C is coisotropic, C ω ⊆ C is an isotropic subspace in V , hence also in (C ) ω . Therefore, Condition (2) in Definition 3.2 is equivalent to finding an isotropic complement C c of C ω in (C ) ω , which implies that that C is a split Lagrangian subspace of (C ) ω . Notice that (C ) ω is a symplectic subspace of V , with dimension 2n − 2k. Now, let us consider a Lagrangian complement C c to C ω in (C ) ω . We prove the following proposition, which implies that C c is also a complement to C in V , symplectically orthogonal to C .
where v X denotes the projection of v onto the subspace X.
since v ∈ C. Now, for every w ∈ C, v C ω is symplectically orthogonal to w. This implies that v C is also orthogonal to w, thus v C ∈ C ω , which implies that v C ∈ C ∩ C ω = {0}. Therefore V = C c ⊕ C, as we wanted.
This proposition suggests the following equivalent definition of split coisotropic subspace. 
3.3. Good compositions. For canonical relations between symplectic manifolds, a clean intersection condition is needed to insure that the composition of two such relations is again a smooth manifold. In finite dimensions, this condition is automatically satisfied for linear canonical relations. In infinite dimensions, even in the linear case, we need to impose a condition to insure the good composition of split canonical relations.
Definition 3.6. Let (L, L ) be a splitting l-pair of V , and let (C, C C , C ) be a splitting c-triple. We say that (L, L ) and C intersect neatly if the following equation holds:
Remark 3.7. From Definition 3.5 it follows that this definition does not depend on the choice of the complement C c .
Proposition 3.8. The neatness condition is always satisfied in finite dimensions.
For such choice of complement, the condition in Equation 3.1 is satisfied.
The following proposition gives one sufficient condition for neat intersection in infinite dimensions, namely that the split Lagrangian L is contained in the split coisotropic space C.
an isotropic complement to L in C, due to the modular law for isotropic spaces [12] . On the other hand, {0} is a complement to L ∩ C in L, and these two complements are clearly symplectically orthogonal.
The following theorem guarantees that the reduction of a split Lagrangian with neat intersection gives rise to a split Lagrangian reduced subspace. Proof. It is clear that L C is an isotropic subspace of C, since L∩C is an isotropic subspace of V and thus the induced symplectic structure
Now, since C ∼ = C, the equation 3.1 implies that the closed subspace L C ∩ C is a complement to L ∼ = L ∩ C , and by a similar argument as before this subspace is isotropic. Now, we are in a position to impose conditions insuring that the composition of split canonical relations subspaces is again a split canonical relation. Proposition 3.11. Let V 1 , V 2 , V 3 be three weak symplectic vector spaces. Then the subspace
is a split coisotropic subspace.
Proof. The symplectic orthogonal C ω = {0} ⊕ ∆ V 2 ⊕ {0} of C is contained in C, which is therefore coisotropic. To show that it is in fact split coisotropic, we introduce the complement
It is isotropic since −∆ V 2 is isotropic. We also have the complement C of C ω in C defined as:
C c and C are symplectically orthogonal since
so all the conditions for a split coisotropic subspace are satisfied. 
Theorem 3.13. The composition of two neatly related split canonical relations is a split canonical relation.
Proof. By Theorem 3.1, L C is split Lagrangian, where
On the other hand, the product if
∩ C is isotropic as well. Therefore, invoking Theorem 3.10 and the fact that we can phrase composition as a reduction (Section 3.1), we see that this implies that the space (L 1 × L 2 ) ∩ C is split Lagrangian in V 1 ⊕ V 3 , as we wanted. 
is weak symplectic.
Proof. The map given by ω is clearly skew symmetric. To check that it is weakly non degenerate, suppose that there is an element (f ⊕ g) ∈ V such that ω (f ⊕ g) = 0. Set f =g = h, with h any function in W . Then we get that
and by the fundamental lemma of variational calculus we conclude that f = g. If we set f = 0, then
and again by the fundamental lemma, we conclude that f = g = 0, hence ω is weak symplectic. Consider the following (closed) subspace of V of codimension 1: Proof. This is equivalent to proving that C ω = {(0, 0)}. Let (f ⊕g) ∈ C ω . If we set g ≡ 0, then we get that
and by the fundamental lemma, we can conclude thatg ≡ 0. In a similar way we conclude that 1 0f g = 0, ∀g ∈ W : g(0) = 0, and, again, by the fundamental lemma,f ≡ 0.
Remark 4.4. Note that, in this example, the space C is not split coisotropic. The complement to C ω in C is all of C. It is symplectically orthogonal only to zero, which is not big enough to contain a complement to C in V . Now let us consider the following subspace of V :
Proof. L is clearly isotropic. Now look at
If we set f ≡ 0 and g ≡ 1, then we get
On the other hand, if we set g ≡ 0, we get Again by the fundamental lemma, dg dt must be identically zero, so we have proved that f ⊕g belongs to L when it is in L ω ; i.e. L is Lagrangian.
In fact, we have:
Proof. Let us consider
Using an argument like that in Proposition 4.5, we can check that L is Lagrangian. Since
we can conclude that L is split Lagrangian.
Now we consider the composition L C • L. It is easy to check that
Proof. This composition is clearly isotropic, but any element of V of the form f ⊕k, where
and the composition is not maximal isotropic.
Remark 4.8. In this example, the reduced Lagrangian subspace is finite dimensional. It is an interesting question whether the failure of the composition to be Lagrangian, can be explained in terms of the finite dimensional reduction.
4.2.
An example in which the composition is not closed. In this example, the composition of two Lagrangian relations between Hilbert spaces fails to be Lagrangian because a projection of a closed subspace of a Hilbert space is not necessarily closed.
Let H = L 2 (S 1 ), the Hilbert space of L 2 -functions of the circle, and let D : H → H be the differentiation operator
Observe that D is a closed operator whose domain is the dense (Sobolev) subspace of H consisting of functions with distributional derivative in L 2 . Therefore, G := graph D is a closed subspace of K := H ⊕ H such that the projection pr 1 (G) to the first component H is a dense subspace but not closed. Now, consider V := K ⊕ K * = H ⊕ H ⊕ H * ⊕ H * . This space is symplectic with the canonical form
Proposition 4.9. The subspace L := G ⊕ G 0 is a split Lagrangian subspace of V , where G 0 is the annihilator of G in the dual of K.
Proof. Note that G 0 is the graph of the adjoint operator D * . Since D is self adjoint, G = G 0 . We also have that G ⊕ G is an isotropic subspace of V (see e.g [8] ), and that the orthogonal complement to G with respect to the inner product on H ⊕ H is J (G), where J is the symplectic map
It is easy to check that this implies that J (G) is isotropic and hence
Remark 4.10. An alternative way to prove Proposition 4.9 is by considering G ⊕ G 0 as the conormal bundle of G. We can show that if a subspace W ⊂ V is split in V , then its conormal bundle N * W is split Lagrangian in V ⊕ V * .
Now consider the space
A direct calculation shows that
hence C is coisotropic and its reduced weak symplectic space is C = H ⊕ H * .
Remark 4.11. Note that, in this example, the space C is split coisotropic. A complement to C in V is given by the isotropic subspace
A complement to C ω in C is given by the symplectic subspace
These are indeed symplectically orthogonal.
In order to describe the reduction
It follows that the projection of L ∩ C onto C is (pr 1 (G), 0) = (Dom(D), 0). Since the domain of D is a not closed subspace of H, it follows that the reduction of L is isotropic but not Lagrangian.
4.
3. An example of a maximally isotropic subspace that is not split Lagrangian. In [9] , a strong symplectic reflexive Banach space for which there are no split Lagrangian subspaces is constructed. The example in consideration, denoted by Z 2 , can be seen as a twisted sum of two Hilbert spaces isomoprhic to l 2 . We will show that Z 2 has a closed maximally isotropic subspace M which is maximally isotropic and then by [9] Theorem 10 we can conclude that such space is not split Lagrangian.
The construction of Z 2 goes as follows. Given any real sequence x = {x n } ∞ n=1 , its even subsequence y = Ex is defined as y n = x 2n , for all n. Now, if x is a sequence in l 2 , we define the sequence φ(x) as
Z 2 is then defined as the space of sequences x such that ||x|| := ||Ex|| 2 + ||x − φ(Ex)|| 2 < ∞.
In [9] is proven that Z 2 is indeed a reflexive Banach space, equipped with the symplectic form
Furthermore, it is proven that the standard unit vectors {e n }n + 1 ∞ in R ∞ form a basis of Z 2 . Now, the subspace M is defined as the space generated by the odd unit vectors:
and it is in fact a closed subspace of Z 2 isomorphic to l 2 . Proposition 4.12. M is maximally isotropic.
Proof. We compute directly the symplectic orthogonal complement of M :
Since x 2n = 0 for sequences in M , then it follows that x 2n−1 z 2n = 0, for all n ≥ 1. This implies that z 2n = 0 and therefore
and thus M is maximally isotropic.
Remark 4.13. In the introduction of [9] it is stated without proof that examples of maximally isotropic non split Lagrangians arise from the conormal bundle of uncomplemented closed subspaces of a reflexive Banach space X. It is still unclear to us why this is the case.
The following section provides an example of a topological field theory, the Poisson sigma model, in which split Lagrangian and split coisotropic spaces arise naturally, describing the evolution relations and Cauchy data respectively. For such spaces, the conditions of Theorems 3.1 and 3.13 are satisfied; therefore, they obey the rules of the theory of reduction and composition of split canonical relations. As explained in the Introduction (for more details see e.g [6] ), the evolution relations obtained from the symplectic formulation of such theories are always isotropic, and given good boundary conditions, they come equipped with closed isotropic complements. In Section 5 we will explicitly construct such isotropic complements, and we will briefly discuss an application to the connection between symplectic groupoids and Poisson structures.
Split Lagrangian subspaces in Lagrangian field theories
5.1. Symplectic formulation. In Lagrangian field theories, from the perspective of BV − BF V theories with boundary [6] , the space of boundary fields F ∂M is an infinite dimensional weak symplectic manifold. The symplectic form ω ∂M is usually an exact 2-form whose primitive 1-form α can be constructed from the boundary contribution of the variational problem for the action S of the theory, that is a function on the space of bulk fields F M . The theory comes equipped with a surjective submersion π : F M → F ∂M .
5.1.1. The evolution relation. Given EL(M ), the space of solutions of the Euler-Lagrange equations on M , the projection L M := π(EL(M )) of such solutions represents the analogue of the Hamiltonian flow for finite dimensional classical systems, although it does not correspond in general to a graph of a symplectomorphism on F ∂M . Such projections are called evolution relations. In [6] , it is proven that
For reasonably good Lagrangian field theories (Scalar field theory, abelian BF -theory and Yang-Mills theory for instance ), the evolution relations are Lagrangian. There are examples, such as the case of the wave equation ( see e.g. [5] ), in which the evolution relation is not always Lagrangian. In [7] it was proven that the evolution relations associated to Poisson sigma models where the world-sheet has zero genus are Lagrangian. We will prove that in fact, such evolution relations are split Lagrangians. We will first prove the condition in the cases where the Poisson structure is trivial or constant, and use a change of coordinates argument, to show that the other cases can be reduced to the former.
Linear Poisson sigma models.
A detailed description of the symplectic formulation of the Poisson sigma model as a Lagrangian field theory with boundary can be found in [3, 4, 7] .
5.3. Zero Poisson structure. We consider by simplicity the one dimensional linear case, i.e. M = R, equipped with the zero Poisson structure 3 . We will restrict to the case where the worldsheet is a disk, denoted by D n , with the boundary S 1 split into 2n closed intervals I intersecting at the end points. On alternating intervals we impose boundary conditions in such way that the remaining n intervals are free, on for each one of them we associate the weak symplectic space V of boundary fields:
naturally identified with the cotangent bundle of the path space of M , understood as follows: V has two canonical coordinates (X, η) (position and momentum), given by
The boundary condition for the alternating non free intervals is given by η = 0.
Remark 5.2. In this version of the PSM, we consider the space of boundary fields to be paths without constraints on the initial and final points. The case of fields with initial and final constraints, i.e. the paths start and end in coisotropic submanifolds of M (see e.g. [2] ), and periodic fields (loops instead of paths), will be consider in a subsequent work.
We first observe that the subspace of solutions of Euler-Lagrange equations is described by
Its symplectic complement is given by
3 The arguments in the sequel can be directly generalized to the case where M = R n . Figure 2 . The boundary fields for PSM with worldsheet D 3 . The blue segments represent the free intervals for which we associate the weak symplectic space V . For the dashed segments we associate fields with boundary condition η = 0.
The symplectic reduction is
Proposition 5.3. The coisotropic subspace C M is split.
Proof. Consider the following complement to C M in V :
It is a complement since the two subspaces are disjoint and any pair (X, η) in V can be written as
with the first component in C M , the second component in C C M . For two elements (X, 0) and (X , 0) in C C M , we get that
It is a complement since the two subspaces are disjoint any pair (X, η) in C M can be written as 
It is isotropic since, if (X, η) and (
The neat intersection condition follows from Proposition 3.9.
In this case we obtain that the reduced space L 1 M is the zero section R of R * ⊕ R, that is clearly split Lagrangian (it is a Lagrangian subspace of a finite dimensional symplectic vector space).
The relation
where ct is a constant.
, we realize that any element of the space V ⊕ V can be decomposed as (X, η, X , η ) =
The first summand belongs to L C is isotropic, we check that, for two elements (X 1 , η 1 , X 1 , −η 1 ) and (X 2 , η 2 ,
We can verify that the reduced relation L 2 is the diagonal relation ∆ R * ⊕R : R * ⊕R R * ⊕R that is split Lagrangian.
M we consider the concatenation (composition) of paths the X-coordinate, namely, if X(1) = X (0)
≤ t ≤ 1 Note that in general, * is not a well defined operation on V , since the concatenation of two smooth paths is not in general smooth and since we have not defined the operation for the η-coordinate. However, as proven in [4] , given two composable paths X and X such that (X, η) and (X , η ) in C M , there are pairs (X,η) and (X ,η ) in C M such that (1) ((X, η), (X,η)) and (X , η ), (X ,η ) are elements of L Therefore, for the next evolution relation, we can assume without loss of generality that the path concatenation is smooth. We consider the following relation
M }, that can be described by the following constraints:
To check that it is a complement, we consider the following decomposition of any element (X, η, X , η , X , η ) in V ⊕ V ⊕ V , where σ 3 (X) := 
It can be checked that the summands are disjoint.
To check that (
The reduced relation L 3 can be described as
where + x denotes the fiber addition in the cotangent bundle of R. It can be checked directly that this is a split canonical relation.
5.5. The symplectic case. We will consider now the case where M = R 2 and Π = Ω −1 = 0 1 −1 0 . In this case, the space of solutions of Euler-Lagrange equations is given by
Proposition 5.7. C M is split coisotropic.
Proof. We compute the symplectic orthogonal subspace C ω M :
where
Now consider the following complement (C
It is isotropic since the η-component of (C M ) C is always zero. To check that it is a complement, we consider the following disjoint decomposition of (X, η) in V : IfX := X(t) − ω
It is a complement since the following is a disjoint decomposition of elements (X, Ω dX dt
where the first summand is in (C M ) ω and the second summand is in (C M ) . Now, we check that (C M )
C and (C M ) are symplectically orthogonal:
The following is the relation L 1 M for this case:
It is clearly isotropic. We verify that it is in fact a complement. If we denotẽ
in which the first component belongs to L 1 M and the second one to (
The following is the description of L 2 M in the symplectic case:
It is clearly isotropic; in order to check that it is a complement, we consider the following decomposition of V ⊕ V : If (X, η, X , η ) is an element of V ⊕ V and if we set
It is a disjoint decomposition since
The following is a description of L 3 M in the symplectic case:
Similarly as the previous case, the following is an isotropic complement (
5.6. The constant case. The case where M = R n and Π is a constant Poisson bivector is a combination of the previous two cases. More precisely, if Π is constant, we can decompose Π as a direct sum Ω ⊕ 0 ,M as a direct sum M Ω ⊕ M 0 and V as V Ω ⊕ V 0 . This decomposition induces a decomposition of the Euler-Lagrange space
It is easy to check that the direct sum of split coisotropic subspaces and split Lagrangians subspaces is again split, therefore the following proposition holds:
Proposition 5.11. If Π is a constant Poisson bivector on M , then C M is a split coisotropic subspace of V , and similarly the evolutions relations
5.7. The general case. We will prove that the above considerations for C M and the relations L Proposition 2.1 in [2] shows that the space T (X,η) C M can be written as follows: dλ dt = −P ϕ.
Lemma 2.2 in [2] states that if Π is a Poisson bivector, then P is skew symmetric and constant. This implies that the space C M (λ, ϕ) of solutions of Equation 5.7 can be identified with the Euler Lagrange space C M ⊂ V (λ, ϕ) for the constant Poisson structure P , thus it is split coisotropic by Proposition 5.11. By using the fact that the space V (λ, ϕ) is weak symplectomorphic to V (X, η) using the changes of coordinates stated above, the following result holds:
Theorem 5.12. Let M = R n and Π be a Poisson bivector on M . Then the linearized Euler-Lagrange space T (X,η) C M is a split coisotropic subspace of V (X, η), for all (X, η) ∈ C M .
In [3] it is shown that the evolution relations L Remark 5.14. A possible further applications in field theory of the formalism of split Lagrangian and coisotropic spaces is to consider the cases in which the symplectic structure is strong. In order to achieve that, one has to restrict to the case in which the spaces of fields are Sobolev spaces, and we can describe them as reflexive spaces. A natural example is quantum mechanics and scalar field theory on Riemannian manifolds, in which the space of states is chosen to be l 2 functions, rather than C ∞ -functions. This viewpoint imposes some conditions over the solutions of the Euler-Lagrange equations, possibly allowing weak solutions to the EL(M )-spaces. In several cases, the spaces of weak and strong solutions coincide, but there are several analytical issues to be consider while undertsanding the symplectic formulation of weak solutions of PDE.
Remark 5.15. (Split canonical relations and symplectic groupoids). In [3, 7] , the evolution relations for the Poisson sigma model are used to construct an integration of the Poisson manifold M . These relations are the analogues of the graphs of the unit, identity and multiplication maps of a conventional symplectic groupoid G ⇒ M integrating the Lie algebroid T * M . Theorem 5.13 shows that the relational symplectic groupoid associated to any Poisson manifold M via the Poisson sigma model is split, in the sense that its associated canonical relations L 1 , L 2 and L 3 are split. 
